We study strong convergence of an Ishikawa-type algorithm of two asymptotically nonexpansive type maps to their common fixed point on a CAT (0) 
Introduction
A CAT() space is simply a geodesic metric space whose each geodesic triangle is at least as thin as its comparison triangle in the Euclidean plane. In , Kirk [] proved a fixed point theorem for a nonexpansive map defined on a subset of a CAT() space. Since then, approximation of fixed points of nonlinear maps on a CAT() space has rapidly developed (see, e.g., [-]).
We describe briefly the needed details for a CAT() space. A metric space (X, d) is said to be a length space if any two points of X are joined by a rectifiable path (that is, a path of finite length) and the distance between any two points of X is taken to be the infimum of the lengths of all rectifiable paths joining them. In this case, d is said to be a length metric (otherwise known as an inner metric or intrinsic metric). In case no rectifiable path joins two points of the space, the distance between them is taken to be ∞.
A geodesic path joining x ∈ X to y ∈ X (or, more briefly, a geodesic from x to y) is a map c from a closed interval [, l] ⊂ R to X such that c() = x, c(l) = y, and d(c(t), c(t )) = |t -t | for all t, t ∈ [, l]. In particular, c is an isometry and d(x, y) = l. The image α of c is called a geodesic (or metric) segment joining x and y. We say that X is: (i) a geodesic space if any two points of X are joined by a geodesic, and (ii) uniquely geodesic if there is exactly one geodesic joining x and y for each x, y ∈ X, which we will denote by [x, y] , called the segment joining x to y.
A geodesic triangle (x  , x  , x  ) in a geodesic metric space (X, d) consists of three points in X (the vertices of ) and a geodesic segment between each pair of vertices (the edges of ). A comparison triangle for geodesic triangle ( A geodesic metric space is said to be a CAT() space if all geodesic triangles of appropriate size satisfy the following CAT() comparison axiom.
Let be a geodesic triangle in X and let ⊂ R  be a comparison triangle for . Then is said to satisfy the CAT() inequality if for all x, y ∈ and all comparison pointsx,ȳ ∈ ,
If x, y  , y  are points of a CAT() space and y  is the midpoint of the segment [y  , y  ], which we will denote by
The above inequality is the (CN) inequality of Bruhat and Titz [] and it was extended in [] as follows:
Let us recall that a geodesic metric space is a CAT() space if and only if it satisfies the (CN) inequality (see [] , p.). Moreover, if X is a CAT() metric space and x, y ∈ X, then for any α ∈ [, ], there exists a unique point αx
Complete CAT() spaces are known as Hadamard spaces (see [] ). The reader interested in a more general nonlinear domain, namely -uniformly convex hyperbolic space containing a CAT() space as a special case, is referred to Dehaish [] and Dehaish et al. [] .
Let C be a nonempty subset of a metric space (X, d).
n ≥ ; (ii) uniformly Hölder continuous if for some positive constants L and α, 
The map T is semi-compact if for any bounded sequence
It is not difficult to see that nonexpansive map, asymptotically nonexpansive map, asymptotically nonexpansive map in the intermediate sense and asymptotically nonexpansive type map in the sense of Xu [] all are special cases of asymptotically nonexpansive type map in the sense of Chang et al. [] . Moreover, a uniformly L-Lipschitzian map is uniformly Hölder continuous, and a uniformly Hölder continuous map is uniformly equicontinuous. However, the converse statements are not true as indicated below.
Then T is uniformly equicontinuous, but it is neither uniformly L-Lipschitzian nor uniformly Hölder continuous. Chang et al.
[] established strong convergence of an Ishikawa-type algorithm as well as a Mann-type algorithm to a fixed point of an asymptotically nonexpansive type map.
We shall follow the idea of a geodesic path, namely, there exists a unique point αx ⊕ ( -α)y for any x, y ∈ C and α ∈ [, ], to construct an Ishikawa-type algorithm of two asymptotically nonexpansive type maps on a nonempty subset C of a CAT() space.
where  ≤ α n , β n ≤ . When T = I (the identity map) in (.), it reduces to the following Mann-type algorithm:
where  ≤ α n ≤ . The purpose of this paper is to approximate a common fixed point of asymptotically nonexpansive type maps in a special kind of a metric space, namely a CAT() space. 
Fixed point approximation
We begin with the following asymptotic regularity result.
Lemma . Let C be a nonempty bounded closed convex subset of a CAT() space X. Let S, T : C → C be uniformly equicontinuous. Then for the sequence {x n } in (.) satisfying
we have that
Proof Since S is uniformly equicontinuous and
applying lim sup to both sides of (.), using the uniformly equicontinuous property of S and (.), we get that Similarly,
That is,
Our main result is as follows.
Theorem . Let C be a nonempty, bounded, closed and convex subset of a CAT() space X. Let S, T : C → C be uniformly equicontinuous and asymptotically nonexpansive type maps such that
where {α n } and {β n } are the control parameters of the iteration scheme {x n } in (.).
If S or T is semi-compact, then {x n } converges strongly to a common fixed point of S and T. Proof For any p ∈ F(S) ∩ F(T), by the (CN)-inequality, we have
Next we consider the third term on the right side of (.):
Substituting (.) into (.) and using  < δ ≤ α n , β n ≤  -δ, we have
Next we prove that
Assume that lim sup n→∞ d(x n , S n y n ) >  and lim sup n→∞ d(x n , T n x n ) > .
Then there exist subsequences (we use the same notation for a subsequence as well) of {x n }, {y n } and
For an asymptotically nonexpansive type map T, we have that
Hence, for given
, there exists a positive integer n  such that
Since {x n } and {y n } are sequences in C, therefore, for n ≥ n  , it follows that
In the light of the two inequalities above, (.) reduces to
Let m ≥ n  be any positive integer. Obtain m -n  inequalities from (.) and then, summing up these inequalities, we get
d(x n , y n ) →  and S is uniformly equicontinuous. So, by taking lim sup on both sides, we get
Since T is semi-compact, therefore there exists a subsequence {x n i } of {x n } and q ∈ C such that
Now, by the uniform equicontinuity of S and T and hence continuity, it follows from (.) that
This gives that q is a common fixed point of S and T. We now proceed to establish strong convergence of {x n } to q. Since
Therefore, from (.) and (.), it follows that y n i → q as n i → ∞.
Next we prove that S n i y n i → q as n i → ∞.
Since S : C → C is of asymptotically nonexpansive type and {y n i } is a sequence in C, therefore we have lim sup
As y n i → q as n i → ∞, it follows from (.) that lim sup
That is, Replace p by q in (.) to get
which gives that x n i + → q as n i → ∞.
Continuing in this way, by induction, we can prove that for any m ≥ ,
By induction, one can prove that
gives that x n → q as n → ∞.
We need the following lemma to approximate a common fixed point of two asymptotically nonexpansive maps.
Lemma . Every asymptotically nonexpansive selfmap T on a nonempty bounded subset C of a metric space X is uniformly equicontinuous and of asymptotically nonexpansive type.
Proof Let T : C → C be an asymptotically nonexpansive map with a sequence {k n } ⊆ [, ∞) such that lim n→∞ k n = . Let ε > . Then, for each γ > , there exists a positive integer n  such that k n - < γ for all n ≥ n  . Put
The second part of the lemma follows from
By Theorem . and Lemma ., we have the following result which is new in the literature and sets an analogue of Theorem  in [] without the rate of convergence condition. 
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